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DYNAMIC STRESS CALCULATIONS FOR TWO
L.. mpum IN VARIWS GUSTS
§ . ByHa.roldB. P:leree T o
SUMMARY
_ § A series of oaloulaticns was made to determins the probable

dynamio wing stress of two large airplanes in atmospheric gusts.
Thege caloulations were undertaken concurrently with a more general
investigation, still incomplete, from which it appears at the
present time that the caloulated stress agrees well with measurements
on flexible wing models in the gust tumnel. :

The results of these speolal caloulations indicate that in
both 1solated and repeated gusts of probable osocurrence the dynamie
overgtregs is about 10 percent when referred to the present statle
design standard.

INTRODUCTION

The possibility of dynamlo overstress in airplane wings upon
encountoring atmosvherio gusts has been the subject of a number of
investigations. The formulas and methods resulting from these
investigations when applied to specific cases as a rule showed
overstressy whereas preliminary tests of a flexible-wing model in
the gust tunnel consistently showed understress. In view of this
oconflioct it was felt that a further development of the theory and
more camprehensive tests should be undertaken.:

This work has been ocarried out to an advanced stage, and
reasonably good agreement has been found between the theoretiocal
and experimental results so far as this part of the work has been
oarrieds The analysis of actual ocases has, however, been largely
oonfined to obasolescent designs in single gusts, in whioch cases
understrese rather than overstress was the outatanding result. 1In
view of the rapidly changing trend in design, it was felt desirable
to apply the results of the investigation to two airplanes currently
in the design stage of development, and to extend the analysis to
the effeot of repeated gusts. This special enalysis disclosed
posslbility of serlious overstress; asccordingly, the results are
presented herewith for the information of those concerned. A more

coamprehenaive report on the complete 1nvest15ation is intended
to follow,



For the purpose of thils report, the airplans designs in question
will be designated model A and model B.

METHOD

Inasmuch as a more detailed discussiom of the will
be presented in a later report, only a brlef outline will be given

here.

An airplane flying through the air may be considered in the
spanwlse direotion as a beam of nonuniform oross seoction supported
on a ylelding foundation. 8ince a rigid solution of the problem
of dynamio stress for such a beam is impraotiocal, as pointed out
by Russner in reference 1, an equivalent wing and spring system for
an alrplane was assumed as indicated in figure 1. The motion of the
upper wing 1s adjusted to be that of the wing tip motion of the
original airplane and the motion of the lower wing and fuselage is
the motion of the fuselage of the original msirplane under shear
load from its wing. The equations of motion for this system under
the influence of a single gust of the type shown in figure 2(a)
are as follows:

Moy D0 + A, DB, + E(by = 0g) = Ayt (1)
Mp D°6e+ Mg DBy = K(by = Bg) = Ap to™b (2)

where the subsoript w refers to wing quantities and the subsoript ¢
refers to fuselage quantities, and

time

equivalent mass of wing
equivalent mass of fuselage
differential opserator

space position of wing (fig. 1)

S IR

space position of fuselage (fig. 1)



K - = equivalent spring-omstant based-on wing frequency -
and equivalent wing weight

A'e‘be-bt and Afete'bt foreing functions or air loads
on wing and fuselage
A damping ooeffﬁ\ien:l-. = Ay + Ap_ = (effeotive damping
factor) mz 8V ° e
m slope of 1lift ourve, per radian
p alr density
wing area
v alrspeed

The equivalent mass of the wing, u'e" is the maes which, if

placed at the wing tip of a weilghtless beam, would give the same
deflectlon under unit acosleration as the distributed mass of the

. R 3
wings In this oase it is H,o s f[&u(;-):l as shown in figure 1,
o

The equivalent mass of the fuselage, My , 1s equal to the mass
of the fuselags nlus the actual mass of the wing minus Mg .

In the absence of knowledge of the actual deflection ocurve of
a wing, an agsumptlon must be made for the purpose of computing the
damping coefficient. 1If, as will be assumed here, the deflectlon
at any point 1s proportional to the square of the distance fram the
root, the damping of the wing tip motlion is equal to the damping of
the whole wing times the ratio of the defleotion of the mean vVertioal
velocity position to the tip defleotion, or )""e = 1/5\. The effective

demping faotor for the range of wing frequenciesa of Interest 1s
taken as 0«75 from the results of a preliminary enalytioal and
experimental Investigation.

The total air load on the wing may be oonasidered as conslisting
of two components, one of which results in bending deflection at
the tlp and the other of whioh results in a shear foroe at the
wing roote The division of the air load into theae components 1a
acoamplished In much the sams mammer as the division of mass of the
wing. The shape of the air load on the wing was assumed in the
cases of both airplanes investigated to be similar to that on an
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average tapered wing and it was divided so that A, te bt Gpplied

at the wing ¢ip gave the same deflection as the total distributed
air load. For the ocases under investigation 1t can be shown
that A,, = 0.25A where

MmxW
te'bt

A= at bt = 1 (3)

e

W total weight of the airplane

bS§ et bt = 1 or the maximm value of the funotion te~°%

Since A,,e and A‘fe appear as multiplying faotors for the

equations in thelr solved form, An may be any arbitrary load
faotor inorement; An 1s the load factor inorement that the
airplane would experience if it had no vertloal motion as it traveled
through the gust.

The funetlon to~P% wms taken as most closely representing
the shape of the time history of alr load on the wings in a gust
as indicated by tests in the gust tunnel.

Bquations (1) and (2) were put in operational form, combined,
and solved to give the following results:

bp = o~Rat (o, ooe Ryt + o3 sin Bgt) + oae'ht + o,

+ Kyte~ Pt 4 goe~Pt (L)

Mg
a'-u—;linaof+-i-naf+af-A-§—tebt (5)

An expression for the normal acceleration of the eirplane when
the wings are held rigid may be derived by lett:lng (84 = 65)

equal zero, so that D%6p # D76, and DBy = D&, 1in equations (1)

and (2). With this restriotion equatlons (1) and (2) may be combined
to becomes - . . . L e
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where D8, = An., the scceleration of the rigid airplane.

The gust gradient distance H; 1s determined by the time
interval from the start to the peak of the An, ourve. Oust-
tummel tests of rigid wing modela substantiate this method since
the normal acceleration on the model reaches its maximm walue at
the same time the gust valooity of a linear gust gradient reaches
1ts maximum value.

For the purpose of these caloulations the wing defleotion 1is
assumed to be proportional to the wing streass. The dynamle stress
may therefore be given in torms of the ratio of the dynamio wing
tip defleotiom (B6y - 8¢), which is designated &3, to the statio
defleotion - 8, under the sams condition of load. Tn this case 8.,

may be determined from the equatlon

Anrm x 0.25(11,01,) Aﬂrm Il,,e

Bat = - = - | (7

The time history of reactions calculated for a single gust are
basio ourves to which the principle of supsrposition may be applied
to determine the reactions for repeated gusts. This method is
substantiated in reference 2 where an analogous problem in electricity
is presanted,

dn alternative method of detemin.i.ng the reactions for a
repeated gust would be to apply & suitable repeating force funotion
to theé equation. This method would be tedious, however, since each
gust combination would have to be caloulated separately; whereas,
by superposition, three basic sets of curves representing different
probable gust gradient distances may be used to give an almost
unlimibted number of combinations of two gusts.

There is no direoct mathematical connection between the gust -
velooity distribtution and the foroing funotion. since the foroing:
fimotion was determined by inspection of gust-tunnel records. The
distribution must, however, approximate that shown in figure 2(a).
The gust veloolty distribution for a repeated gust therefore may
be obtalned 'by adding together two gusts of this type as-shown.in
figure 2(b)s "The result of thia addition may be of the type showmn
in figure 2(0) or 2(d).



: Although the effedt of airplane stability is not taken into
acoount direotly, it is felt that the form of the foroing function
in same degree takes into acoount this effect. However, it is
believed advisable, becduse of the limitations introduced by lack
of direoct consideration of the pltching motion, to limit the number
of superpositions to two gusts.

CALCULATIONS AND RESULTS

The conditions and basloc oonstants used for the caloculation
of the resotions of model A and model B are glven in table I.

In the practical application of dynamic stress calculations,
1t is essential that the true nature of the force oausing the
stress be known. In the present instance, this is equivalent to
saying that the gredient distance of the gust be known, since it 1is
this distance that determines the nature of the foroing functionm.
Fortunately, it oan be stated that the most probable gradient
distance associated with th.: largest gust acoceleratlions 1s about
10 chord lengths and that the severity of the acceleration falls off
rapidly with a departure of the gradient distance from this value.
This faot has been well demonstrated by extensive flight tests on
alrplanes varying in size from about 1500 pounds to 65,000 pounds,
and oan be demonstrated by physical oonsiderations. In order to
obtain results of practloal interest, therefore, the caloulations
for models A'and B have been carried out for gusts having a gradient
distance of 10 chord lengths. In addition to these calculations,
however, further caloulations have been made for gradient distances
of about l} ohord lengths and of about 20 chord lengths in order to
extend the range of the analysis.

Time hi's'bory ourves of the reaotions of models A and B to
eingle gusts having gradient distances of about L, 10, and 20 chord
lengths are glven in figures 3 to 5.

SBample time history curves for a repeated gust composed of
two equal and opposite 10 chord-length gusts arranged relative to
ono another to give maximum negative wing deflection are given in
figures 6 through 8.

- Figures 9 through 11 show for single gusts the variation with
gradient distance of the dynamio stress ratio or ratio of maximum
dynamio wing defleotion to the statio deflection. They also show
the variation of the ratios of maximum wing-tip and fuselage
acoelerations to the maximum accelerations for the case of the rigid
wing.



~-=r- - 8ince -the interest-is primarily in dynamic.stress rather than

in aoccelerations, the superposition of the calculated baslo ocurves
wag done with a view to detrrmining the maxlwum overstress from the
combination of the reactions of two gusts. It was found that maximum
values of dynamic stress ratio oocourred when the repeat.gust was

of a negative senme in relation to the first gust and that the
sequence period or distance H; (ses fig. 2) had a pronounced

effect on the result. The maximum value of An, ooourring in the

whole sequence was used to determine the static deflection. Table II
presents seleoted ocases which were the most serious of a number of
combinations examined. In this table the results refer to repeat
gusts having the same values of An as the inltial gusts. It should
be noted that the true gust velooitles of the initlal and repeat
gusts for any condlition are therefore the same, and independent of

" the value of H 8inde, 1t will be remembered, An is the load

faoctor lnorement that the alrplans would experience if it had no
vertioal motion as 1t traveled through the gust.

DISCUSSION OF RESULTS

The results of the calculations for model A in a single gust
(figes 9 and 10) and for model B (fig. 11) show that the dynamle
stress in all caesss increases from an understress for a gust of
long gradient distance to moderate to high overstress for a short
gradient distenoce. The general shape of the ourves seems to indicate
that even higher overstress would ocour in sharper gusts than those
examlneds, However, the lag in development of 1lift in sharper gusts
would preclude such a result, since even for an infinitely sharp
gust, the foroclng funotlon would have a charaoter similar to that
for 4 chord lengths.

Differences in the values of dynamlo stress between the two
conditions of model A would indicate that the ohange in forward
speed and weight oondition of the airplane has a pronounced effeot.
The more general analysis previously.mentioned has shown that, in
general, the dynamio stress inoreases a small amount with Ilnorease
in veloolity but that the effeot is small. The chenge in weight and
welght distribution produoes a substantial change in dynamio stress
and, in general, a chango in these qualities of 'such nature as to
reduce the wing frequency will result in an inorease in thé value of
the dynamic stress.

When the baslo curves in this paper are superposed to obtain
the maximum overstress from their combination, it is seen from the
results presented in table II that there is no definite correlation




betwsen the effeot of gradient distance of the first and second gusts
and the dietanoce between them Hz. This lack of correlation results
from the influence of. certaln other factors, suoch as the relation
between the tlime to peek acceleration and the perlod of wing
vibration, whioh camplicate the problem when the reaotions to one
gust are superposed on those to another gust.

Examination of the values in table II shows that substantldl .
overstress exists for all the combinations of gusts presented and
that the addition of a short gradient gust produces the largest
value, As indlcated in the preceding disoussion, the value of
overstress becomes large in all cases as the gradlent distance of
the gust is decreased. However, before an estimate can be made as
to whether the overstress on the airplanee in question will be
serious, it will be neocessary to oconsider the effect of the intensity
and eize of gusts and their spatial distribution in the atmosphere.

APPLICATION COF RESULTS

It should be emphasized that any process chosen at this time
to appraise the significance of the dynamic stress calculations
with respect to practiocal design questions must be viewed with
oonslderable suspiolon. The subjJect is entirely too broad and
involved to be given adequate treatmsnt here although, in order to
preclude improper application of the results, a brief discussion
seems neceseary at this point.

The present deslign oritlerions for gust loads are based on
thousands of hours of acceleration-air speed data obtained with
V=G reoorders Installed on transport airplanes. The analysis
of these data has indicated that a reasomable value of the effeotive
gust velooity to be used for design purposes is 30 feet per seoond.
As previously mentioned, the most probable gradient distance
asgoolated with this gust velooity has been found from separate
investigations, such as that reported in reference 3, to be about
10 chord lengths. As shown further in these investigatioms, the
gust veloolty measured on e given alrplane inoreases from a negligible
velue to a maximum as the gradient distance is increased from O
to 10 ohord lengths, but with further inorease in gradient distence
the measured gust velooity tends to fall off.

In view of these faots it is felt that the overstress indicated
in the short single gusts may be disregarded for the reason that
the total stress will be less than the stress for the more important
gusts even without overstress.



-l

- —

——

'—u\-lr Lt - A

.. 50" I8, 1. further. £83t, howsver,.:that the:amount of - overstress
shown for the airplanes in question in single gusts when the
gradient distance 1s 10 chord lengths (figs. 10 and 11) should -
be added to the design stress oalculated on the usual basis.

. 8o far as repeated gusts are ooncerned, there are no data
m:lln.ble ocnoerning the size, intensity, and probability of

" ooourrence of such gusts, since no practical method of analysis

of* avallable records to obtain such information: has been found to

. dates It 1s necessary, therefore, to appraise thes probable over- '

stress in repeated gusts on the basis of measuremsnts of +the .
structure and the frequenoy of single gusts. For this purpose let
it be assumed, for the sake of illustration, that any airplane will,
during 1ts life, encounter only one single gust of the size and
inteneity corresponding to the present deaign effective gust. With
this assumption, it follows that each gust of any probable combination
of repeated gusts.must have less intensity than the single design
gust. Buch a restrioctive assumption is not really necessary, as
the sams argument applies in a relative or qualitative sense if the
design effeotive gust is encountered several times during the
airplane l1lifa,-

In order to determine the reduced value of the repeat guste,
regourse was had to gust measurements made on a number of airplanes.
Reference 3 presents data of the type used for this purpose. These
data were applied on the assumption that the maximum intensity of
the three gusts next in inteneity to the maximm gust appearing in
the data would bear approximately the sams ratio to the intensity
of this maximum gust as the intensities of the probable repeated
gusts would bear to the single design gust. With this assumption
the ratios were found from the several sets of data to be 0.75,
0.66, and 0,61, Thus the intensity of the individual gusts in a
repeat oombination may, depending on the data used, be

Urpt.= 0.7% u.llﬂ.!‘ eto.

Referr:l.ng to figure 2, this means that the repeat gust combination
would appear as in (o) with tbe value of Umx equal to 0.75
(eto.) t.tmos the v&lue of U 1 pax appea.ring (a).

Ths ra.tio of the mazi.mm stress experienced in the repeat
gust sequence to the static stress usually caloulated for the standard
design gust may thus be obtained by multiplying the ratio of the
maximum dynamlc stress in the sequence to the static stress in the
first phase of the repeat combination by the ratio of Urpt
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to Upgye Note that this process differs from that employed in
obtaining the dynamio stress ratios of table II in which the
maximum value of An, in the whole sequence was used to determine
the static deflection.

Confining the remaminder of the analyslis to repeat gusts having
values of Hy and -Hy of 10 chord lengths, but utilizing any
value of H,, oases may be seleoted out of table II for further
examination. The oases sel:cted are those marked with an aeterisk
in the first column of table II. The maximum dynamic stress in these
oases, referred to the statioc stress in the first phase, are as
follows: .

Model Condition ﬁ&t
A 1.58 °
A m _ 1.6,
B 1 1.62°

These values, multiplied by the repeat-gust intensity ratios 0.75,
0.66, end 0.61, previously explained, have been plotted in figure 12
againat the intensity ratio. On the whole, figure 12 indicates that
some dynemlo overstress is to be expeoted in repeat gusts relative to
the present design standard., Taking a mean value, the overstress

1s about 10 perocent, or about the sams amount found for the single
guste In view of these results, it -is felt that the design strength
for these airplanes in the gust condition should be inoreased

about 10 perocent.

CONCLUSIONS

The analysis of the results of t.he caloulations for models A
and B indlcates:

1. The dynamio stress in the alrplane wings from encountering
gusts in the atmosphere inoreases as gradient distance deoreases.

. 2« For the established important gradient distance of 10 chord
lengths, the overstress in a single gust is about 10 percent.



+ = 3« When- probable- types of repeated. gust.are, encountersd, the.
airplane wings may be stressed about 0 to 20 percent beyond the
stress allowed by the present design gust load faotor.

Langley Memorial Aeronautical ILaboratory,
Hational Advisory Commlttee for Aeronautiocs,
langley Fleld, Va.
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TABLE Y.~ CONDITIONS AND BASIC CONSTANTS OF MODEL A AND NODEL B
Model A

Condition I Condltion II
Weight, 1b 62,500 102, 000
Wing area, sg £t 1,826 1,826
Span, £t . Jl;o u.o
Mean geametrioc chord, ft _13;014. 13.0L
Ratural wing frequenoy, ops 2.50 1.3
Slops of 1lift ourve, per radian Le9% L.93
Forward velooity, mph ' 190 160
Ty o Ib 1,674l L,974.2
L ' 60,862.6  97,025.8
Spring constant, 1b per ft 12,405,75 12,405.75
An 2 2
Model B
Conditton T
Weight, 1b 100,000
Wing area, eq £t 1,710
Span, ft 140
Mean geometric chord, ft 12,21
Natural wing frequency, ops 2.15
Slope of 1lift ourve, per radian 5.04
Forward velooity, mph 260
LI 3,425.0
W, 1b - 96,5746
Spring oconstant, 1b per ft 25,233.1

An 2



TABLE II.- MOST SERIOUS VALUES OF OVERSTRESS FROM ADDING
THE REACTIONS OF TWO GUSTS

Hy

H H .
chord chord chord M ximum
lengths lengths lengths ﬁd/ﬁst
Model A, condition I
L.26 L.26 14.50 1.20
Li.26 10.25 11,96 1.09
Le26 19.53 5,13 1.09
10.25 L.25% 35,01 1.31
*10.25 10.25 32,0L8 1.21
10.25 13.5% 25.4, 1.20
19.53 L.26 &,.22 1.42
19,53 10,25 66. 66 1.3]
19.53 19,53 59.82 1.39
Model A, condition II
3.96 %496 15.47 1.47
3.96 10,08 13.31 1.35
3,96 20.15 11.87 1.35
10.08 3,96 35,98 1.47
*10.08 10,08 33.8% 1.26
10,08 20,15 32,39 1.11
20,15 3,96 75141 1.56
20415 10,08 71,25 1,36
20,15 20.15 &.81 1.2%
Model B, eondition I
3.75 3.75 16.2% 1.40
3475 9499 13,74 1.26
3475 19.98 3,75 1.26
9.99 3,75 39.9), 1,35
*9.99 9.99 37.46 1.25
9499 19.98 27,47 1,08
' 19098 3075 72.)43 1.’414.
19.98 9.99 €9.93 1.34
19,98 19,98 59.9L 1.20

*Significance given in text.

LY
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Figure 3.- Historv of reactions in a single gust. Model A,condition I.
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Figure 5.- History of reactions in a single gust. Model B,condition I.
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Figure 7.- History of reactions in a repeated gust. Model Ajcondition II,

H; = Hy = 10.08 chords,Hz = 33.83 chords,Us = -Uj.



LT
LR '
9 o W/?Lg |der’/e«:r‘/bn /16:
o———Wing #ip acceleration | :
1 o——— Ffuseldge -
/ ~=-=———Rigid wingi—
i N |
2 8;
) A
2o | ;
2 /3 | Poloe » NS
< Y .
57 N [T |5} ) %5
S ) NCTTY Lo 3
; ENE YRR 5
v, i Lo Vi g2
3 W / g
L =2
U ¥
-4 A 16
3
s
-6 24
LA
] .8 l2 L6 2.0 2.4 2.8 3.2 3.6 4.0

7ime, sec
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